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Gludfwlrq olplwhg 6G fhoo yroxph ghulydwlrq iru vfdwwhulqj gdwd
dqdo|vlv
Q1D1K1N1 Udr-d / P1 Eduex0PfLqqlv-d / P1 Khojxhud-d / F1M1 Gdo|-d
d

Fkhvwhu I1 Fduovrq Fhqwhu iru Lpdjlqj Vflhqfh/ Urfkhvwhu Lqvwlwxwh ri Whfkqrorj|
DEVWUDFW

Xowudvrxqg vshfnoh fduulhv lqirupdwlrq derxw wkh lqwhuurjdwhg vfdwwhulqj plfurvwuxfwxuh1 Wkh frpsoh{
vljqdo lv uhsuhvhqwhg dv d vxshusrvlwlrq ri vljqdov gxh wr doo vfdwwhuhuv zlwklq d uhvroxwlrq fhoo yroxph/ YH 1 D
furvvehdp jhrphwu| zlwk vhsdudwh wudqvplw dqg uhfhlyh wudqvgxfhuv lv zhoo vxlwhg iru vxfk vwxglhv1
Wkh furvvehdp yroxph/ YH lv ghqhg lq whupv ri wkh ryhuodsslqj gludfwlrq ehdp sdwwhuqv1 Jlyhq wkh irfxvhg
slvwrq wudqvgxfhu*v udglxv dqg irfdo glvwdqfh/ d Orppho gludfwlrq irupxodwlrq vxlwdeoh iru prqrfkurpdwlf
h{flwdwlrq lv xvhg wr fdofxodwh YH dv d ixqfwlrq ri iuhtxhqf| dqg dqjoh1 Wklv irupxodwlrq dprxqwv wr d Iuhvqho
dssur{lpdwlrq wr wkh gludfwlrq sureohp dqg lv qrw olplwhg wr wkh irfdo }rqh ru wkh idu hog1 Vxfk gludfwlrq
fruuhfwlrqv dv YH duh qhhghg wr uhpryh wkh v|vwhp hhfwv zkhq wu|lqj wr fkdudfwhul}h pdwhuldo xvlqj prphqw
dqdo|vlv1
Wkhruhwlfdoo|/ YH lv qxphulfdoo| lqwhjudwhg zlwklq wkh ryhuodsslqj uhjlrq ri wkh surgxfw ri wkh wudqvplw0
uhfhlyh wudqvihu ixqfwlrqv1 H{shulphqwdoo|/ YH zdv fdofxodwhg iurp wkh hog sdwwhuq ri d phglxp0irfxvhg
wudqvgxfhu h{flwhg e| d prqrfkurpdwlf vljqdo ghwhfwhg e| d 318pp gldphwhu SYGI phpeudqh k|gurskrqh1
Zh suhvhqw wkhruhwlfdo dqg h{shulphqwdo hydoxdwlrqv ri YH iru wkh furvvehdp jhrphwu| dw iuhtxhqflhv zlwklq
wkh wudqvgxfhuv* edqgzlgwk/ dqg lwv dssolfdwlrq wr wlvvxh plfurvwuxfwxuh fkdudfwhul}dwlrq1
Nh|zrugv= Fhoo yroxph/ gludfwlrq/ Orppho ixqfwlrqv/ irfxvhg wudqvgxfhuv/ xowudvrxqg

41 LQWURGXFWLRQ
Lq xowudvrqlf phdvxuhphqwv d fhoo yroxph fdq eh ghqhg dv wkh hhfwlyh yroxph ri d wkuhh glphqvlrqdo uhjlrq
zlwklq zklfk wkh lqwhudfwlrq surylglqj wkh hfkr gdwd wdnhv sodfh1 Wkh udgldwlrq ehdp sdwwhuq ri wkh wudqvgxfhu
sod|v d pdmru uroh lq wkh ghqlwlrq ri wklv fhoo yroxph1 Iru h{dpsoh/ lq Ilj1 4 wzr vhsdudwh wudqvgxfhuv
duh xvhg wr lqwhuurjdwh wkh vfdwwhulqj surshuwlhv ri d phglxp zlwk d prqrfkurpdwlf vljqdo1 Rqh rshudwhv dv
wkh wudqvplwwhu dqg wkh rwkhu dv wkh uhfhlyhu1 Zkloh wkh wudqvplwwhu lqvrqlhv d uhjlrq ghqhg e| lwv rzq
udgldwlrq ehdp sdwwhuq wkh vfdwwhuhg vljqdo lv uhfhlyhg e| wkh uhfhlyhu rqo| iurp d olplwhg sruwlrq ri wklv uhjlrq1
Wklv olplwhg vhfwlrq jhwv ghqhg e| wkh jhrphwulfdo srvlwlrqlqj ri wkh uhfhswlyh ehdp sdwwhuq ri wkh vhfrqg
wudqvgxfhu1 Lq rughu wr nhhs wkh fdofxodwlrqv vlpsoh dqg wudfwdeoh lw lv uhdvrqdeoh wr dvvxph srlqw vfdwwhuhuv lq
wkh vfdwwhulqj phglxp1 D jlyhq srlqw vfdwwhuhu zloo kdyh d glhuhqw dpsolwxgh uhvsrqvh lq wklv vhwxs ghshqglqj
rq zkhuh lw lv orfdwhg zlwklq wklv ryhuods uhjlrq1 Wklv glhuhqfh vkrxog eh dwwulexwhg wr wkh vkdsh dqg irup ri
wkh fhoo uhjlrq dqg qrw wr dq| srvvleoh vwdwlvwlfdo yduldwlrqv ri wkh vfdwwhulqj vwuhqjwkv1 Wklv revhuydwlrq kdv
wzr pdmru lpsolfdwlrqv1 Iluvw/ d vfdwwhulqj prgho edvhg rq d vwdwlvwlfdo ghulydwlrq ri wkh vfdwwhulqj fhoo yroxph
kdv wr eh irupxodwhg1 Vhfrqgo|/ lw lv lpsruwdqw wr uhdol}h wkdw wkhuh zloo eh dq hhfwlyh fhoo yroxph udwkhu
wkdq d sk|vlfdo yroxph erxqghg zlwklq d forvhg vxuidfh1 Wklv hhfwlyh yroxph lv dq dyhudjlqj ri vruwv wkdw
wdnhv lqwr dffrxqw wkh idfw wkdw wkh vfdwwhuhu uhvsrqvh ydulhv dw glhuhqw vsdwldo orfdwlrqv zlwklq wkh fhoo1
Wkh remhfwlyh ri wklv sdshu lv pdq| irog1 Iluvw/ zh suhvhqw d prgho edvhg ghulydwlrq ri dq hhfwlyh fhoo
yroxph/ vhh Ht1 </ lq vhfwlrq 51 Wklv lv grqh iru wzr flufxodu glvn irfxvhg wudqvgxfhuv lq d wudqvplw0uhfhlyh
jhrphwu| vxewhqglqj dq dqjoh1 Wkh vljqlfdqfh ri wklv fhoo yroxph lq wkh prphqwv dqdo|vlv ri wkh vshfnoh gdwd
ehfrphv fohdu iurp Ht1 ;1 Vhfwlrq 6 frqvlghuv wkh Orppho gludfwlrq irupxodwlrq wr fdofxodwh wkh wudqvgxfhu
ehdp sdwwhuq whupv qhfhvvdu| iru wkh fhoo yroxph fdofxodwlrqv1 Wkh vljqlfdqfh ri wklv irupxodwlrq lv suhvhqwhg
-qdusflCflv1ulw1hgx> Skrqh 4 8;8 7:80:4;6> id{ 4 8;8 7:808<;;> Fkhvwhu I1 Fduovrq Fhqwhu iru Lpdjlqj Vflhqfh/
Urfkhvwhu Lqvwlwxwh ri Whfkqrorj|/ 87 Orpe Phpruldo Gu1/ Urfkhvwhu/ Q\ 479561
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lq wkh glvfxvvlrq vhfwlrq :1 Lq vhfwlrq 7 zh ghprqvwudwh krz wkh wzr wudqvgxfhu sdudphwhuv/ qdpho| hhfwlyh
gldphwhu/ d/ dqg hhfwlyh udglxv ri fxuydwxuh/ D/ fdq eh ghulyhg iurp wkh k|gurskrqh edvhg gludfwlrq hog
phdvxuhphqwv4 1 Lq vhfwlrq 8 zh pdnh d frqfhswxdo frqqhfwlrq ri wkh whupv lqyroyhg lq wkh ghqlwlrq ri wkh fhoo
uhjlrq zlwk wkh lpdjlqj vflhqfh ghqlwlrq ri d srlqw vsuhdg ixqfwlrq +SVI,5 1 Wklv frqqhfwlrq pd| eh xvhixo
iru wkrvh zkr zrxog olnh wr h{shulphqwdoo| ghwhuplqh wklv fhoo uhjlrq dqg lv glvfxvvhg lq vhfwlrq :1 Vhfwlrq 9
suhvhqwv vrph uhvxowv rq wkh wkhruhwlfdo fdofxodwlrq ri wklv fhoo uhjlrq dv zhoo dv rq wkh hhfwlyh fhoo yroxph1
Wkh xwlolw| ri wkh wkhruhwlfdo dssurdfk lv ghprqvwudwhg e| shuiruplqj fdofxodwlrqv dw glhuhqw iuhtxhqflhv dv
zhoo dv dw wzr glhuhqw furvv ehdp ghswkv1
Vrph ri wkh glhuhqw dvshfwv ri rxu zrun fdq eh uhodwhg wr zrun grqh e| rwkhu uhvhdufkhuv1 Zh kdyh grqh
vr lq glhuhqw vhfwlrqv zkhuhyhu lw lv dssursuldwh1 Wkh ryhudoo frqfhsw ri d fhoo yroxph fdofxodwlrq kdv ehhq
dwwhpswhg e| Fkhq hw do16 iru sxovhg h{flwdwlrq lq d edfn0vfdwwhulqj vhw xs zkhuh  @ 3 1 Lw lv rxu krsh wkdw
wkh frqfhsw ri d fhoo yroxph zloo eh yhu| xvhixo lq pdq| glhuhqw gludfwlrq dv zhoo dv iuhtxhqf| dqg dqjoh
ghshqghqw vfdwwhulqj phdvxuhphqwv1

51 VLJQDO IURP D UDQGRP PHGLXP
Wkh wkhruhwlfdo irxqgdwlrq iru vshfnoh vwdwlvwlfv dqdo|vlv xqghu frqglwlrqv ri orz vfdwwhulqj kdv ehhq vwxglhg
e| Mdnhpdq7 / Fkhq8 / dqg Zddj9 dprqj rwkhuv1 Lw lv lpsruwdqw wr hvwdeolvk d uhodwlrqvkls ehwzhhq wkh vfdwwhuhu
qxpehu ghqvlw| dqg rwkhu surshuwlhv ri wkh phglxp1 Dprqj wkhvh surshuwlhv lv wkh hhfwlyh fhoo yroxph/ zklfk
Fkhq dqg Fdpsehoo: kdyh ghqhg lq whupv ri qduurz0edqg ru vkruw sxovh h{flwdwlrqv1 Lq wkh zrun wkdw iroorzv/
zh lqvwlwxwh d uhodwlrqvkls ehwzhhq wkh qrupdol}hg lqwhqvlw| prphqwv dqg wkh hhfwlyh vfdwwhuhu qxpehu ghqvlw|
xvlqj prqrfkurpdwlf h{flwdwlrqv1
Sulru wr wkh dqdo|vlv ri wkh vfdwwhulqj vljqdo/ vrph hvvhqwldo dvvxpswlrqv duh lq rughu1 Iluvw/ dvvxph wkdw
udqgrpo| glvwulexwhg vfdwwhuhuv jlyh ulvh wr doo hfkr vljqdov/ zklfk phdqv wkdw wkh suredelolw| wkdw d vfdwwhuhu
lv dw rqh srvlwlrq lv wkh vdph dv wkh suredelolw| wkdw lw lv orfdwhg dw dq| rwkhu srvlwlrq1 Vhfrqg/ pxowlsoh
vfdwwhulqj lv qhjoljleoh dqg wkh zdyhv vfdwwhuhg e| hdfk sduwlfoh duh vskhulfdoo| v|pphwulf ryhu wkh vxuidfh ri
wkh wudqvgxfhu1 Ixuwkhu/ wkh qxpehu ri vfdwwhuhuv lq wkh yroxph frqwulexwlqj wr wkh vfdwwhuhg vljqdo lv dvvxphg
wr eh Srlvvrq glvwulexwhg1 Ilqdoo|/ zlwk wkh h{fhswlrq ri vpdoo lpshgdqfh glvfrqwlqxlwlhv glvwulexwhg udqgrpo|
lq vsdfh/ wkh phglxp lv dvvxphg wr eh qrq0dwwhqxdwlqj dqg xqlirup1
Wkh vfdwwhu vljqdo iurp wkh qwk vfdwwhuhu lv jlyhq e|
v+w> u, @
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P 
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U
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dqg KU U
q > $> }qU fdq eh lqwhjudwhg ryhu {/ |/ dqg } frruglqdwhv wr uhvxow lq wkh hhfwlyh fhoo yroxph1 Wkh
vxevfulswv W dqg U lqglfdwh wkh wudqvplw dqg uhfhlyh wudqvgxfhu1 Ixuwkhu/  q @  . wq zkhuh  lv wkh wudyho
wlph iru wkh vfdwwhuhu dw wkh fhqwhu ri wkh fhoo/ dqg wq lv wkh glvwdqfh ehwzhhq vfdwwhuhuv q dqg p1
Frqvlghulqj rqo| wkh glvwdqfh ehwzhhq vfdwwhuhuv/ Ht1 4 ehfrphv
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zkhuh Hq @ KW Wq > $> }qW  KU U
q > $> }qU  m q +$,m mWW +$,m mWU +$,m dqg h!q @ 5mir wq1
Ht1 6 fdq eh uhsuhvhqwhg dv d yhfwru vxp ri P skdvruv lq wkh frpsoh{ sodqh1 Hdfk skdvru frqwulexwlqj wr
wkh vljqdo kdv d udqgrp dpsolwxgh Hq dqg d udqgrp skdvh/ !q 1 Hdfk vfdwwhuhu frqwulexwlqj wr wkh vljqdo pxvw
eh zlwklq wkh fhoo yroxph fhqwhuhg dw wkh furvv vhfwlrq ri wkh wudqvplw0uhfhlyh jhrphwu| dw <3 dv looxvwudwhg lq
Ilj1 41

Iljxuh 4= Wudqvplw0uhfhlyh vfdqqlqj jhrphwu| dqg wkh frqfhsw ri hhfwlyh fhoo yroxph1

Wkh skdvh dw hdfk srvlwlrq q/ !q / lv dvvxphg wr eh vwdwlvwlfdoo| lqghshqghqw dqg xqlirupo| glvwulexwhg
ehwzhhq 3 dqg 51 Dw wkh vdph wlph/ wkh dpsolwxghv dw hdfk srvlwlrq q/ Hq / duh dvvxphg wr eh vwdwlvwlfdoo|
lqghshqghqw udqgrp yduldeohv1;
Dffruglqj wr Mdnhpdq7 / wkh lqwhqvlw| ri wkh vljqdo lv htxdo wr wkh vtxduh ri wkh hqyhorsh ri wkh hog
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+7,
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whuhuv duh lghqwlfdo lq d jlyhq fhoo yroxph/ dqg wkdw P reh|v d Srlvvrq suredelolw| ghqvlw| ixqfwlrq zkhuh
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+:,

zkhuh wkh Orppho gludfwlrq irupxodwlrq iru wkh wudqvplw0uhfhlyh wudqvgxfhuv/ wkh vfdwwhulqj frh!flhqw dqg
wkh wudqvplw0uhfhlyh wudqvihu ixqfwlrqv duh dvvxphg wr eh vwdwlvwlfdoo| lqghshqghqw1
Dvvxplqj hujrglflw|/ zkhuh wkh hqvhpeoh dyhudjh htxdov lwv dssursuldwh vsdwldo dyhudjhv ryhu wkh fhoo yro0
xph43 / Ht1 : ehfrphv
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+;,

zkhuh wkh kk===ll v|pero uhsuhvhqwv lqwhjudwlrq ryhu d vsdfh wkdw kdv yroxph YW / dqg YH lv wkh yroxph lqwhjudwlrq1
km +$,m7 l
Wkh vfdwwhuhu qxpehu ghqvlw| kPl @YW lv d wlvvxh ghshqghqw surshuw|1 Dw wkh vdph wlph/ wkh whup
km +$,m5 l5
ghshqgv rq wkh suredelolw| ghqvlw| ixqfwlrq ri wkh vfdwwhulqj frh!flhqwv dw $/ zklfk lv dovr wlvvxh ghshqghqw1
Wrjhwkhu wkhvh wzr whupv frqvwlwxwh wkh hhfwlyh vfdwwhuhu qxpehu ghqvlw| dw d iuhtxhqf| $1 Zlwklq Ht1 ;
wkhuh lv d whup YH wkdw vhsdudwhv rxw/ dqg lv rqo| ghshqghqw rq wkh wudqvgxfhu*v gludfwlrq ru ehdp sdwwhup1
Zh zloo uhzulwh YH dv iroorzv=
kUUU 
l5


 

KW {W > | W > } W > $ 5 KU {U > | U > } U > $ 5 g{g|g}
YH @ UUU
7
mKW +{W > | W > } W > $,m mKU +{U > |U > } U > $,m g{g|g}
zkhuh wkh wudqvirupdwlrq iurp W / } W / U / } U wr {/ |/ dqg } frruglqdwh v|vwhp lv h{sodlqhg lq vhfwlrq 81

+<,

61 GLIIUDFWLRQ HIIHFW
Wr xqghuvwdqg wkh hhfwv ri wkh xowudvrxqg zdyh rq wkh vfdwwhulqj plfurvwuxfwxuh zh kdyh wr h{dplqh
wkh suhvvxuh hog glvwulexwlrq iru wkh irfxvhg wudqvgxfhu1 R*Qhlo44 dqg Nrvvr45 kdyh djuhhg wkdw wkh grxeoh
lqwhjudwlrq ri wkh Ud|ohljk h{suhvvlrq iru wkh r0d{lv suhvvxuh glvwulexwlrq lv frpsolfdwhg/ dqg pruhryhu/ dv
dq dssur{lpdwlrq lv vdwlvidfwru| rqo| zkhq wkh wudqvgxfhu*v udglxv lv juhdwhu wkdq wkh zdyhohqjwk1 Vlqfh wkhq/
Shqwwlqhq dqg Oxxnndod46 / Pdgvhq hw do147 / Oxfdv dqg Pxlu48 dqg Free49 kdyh uhgxfhg wkh vroxwlrq wr d
vlqjoh lqwhjudo ru h{suhvvhg lw dv d vhulhv1 Ixuwkhu/ Vfkphuu hw do14: kdyh dssurdfkhg wklv sureohp e| fuhdwlqj d
prgho jlyhq lq whupv ri erxqgdu| gludfwlrq zdyhv1 Dqrwkhu dssurdfk iru hhfwlyho| vroylqj wkh wudqvgxfhu*v
suhvvxuh hog glvwulexwlrq lv e| lpsohphqwlqj d Ehvvho ixqfwlrqv h{sdqvlrq1 Uhfhqw zrunv e| Fkhq hw do15 dqg
Gdo|4; kdyh xvhg vxfk h{suhvvlrqv lq hvwdeolvklqj vroxwlrqv iru wkh suhvvxuh hog glvwulexwlrq lq whupv ri Orppho
ixqfwlrqv1
Wkh vfdwwhuhu qxpehu ghqvlw| lq Ht1 ; lv ghshqghqw rq wkh surshuwlhv ri wkh vfdwwhulqj phglxp/ zlwklq d
vfdwwhulqj yroxph/ YH 1 Lq rughu wr ghqh wklv yroxph lw lv qhfhvvdu| wr frqvlghu d prqrfkurpdwlf h{flwdwlrq
sxovh hphujlqj iurp d flufxodu dshuwxuh dqg frqyhujlqj wrzdugv wkh d{ldo srlqw R1
Dffruglqj wr Ilj1 5/ wkh vfdodu glvwxuedqfh/ K+> }> $, dw d w|slfdo srlqw uhfhlyhu
sS / orfdwhg lq wkh qhljk0
erukrrg ri R/ zkhuh S lv jhqhudoo| wkrxjkw wr eh dw vrph r0d{lv glvwdqfh  @ {5 . | 5 / fdq eh zulwwhq
dv=
]
hmnu
4
gr
i + r ,
+43,
K+> }> $, @
5 r
u
zkhuh u lv wkh glvwdqfh iurp dq hohphqw duhd rq wkh idfh ri wkh wudqvgxfhu wr wkh srlqw S / dqg  r uhsuhvhqwv
wkh duhd ri wkh dshuwxuh ri wkh wudqvgxfhu1 Ixuwkhupruh/ i + r , lv wkh yhorflw| glvwulexwlrq dfurvv wkh idfh ri
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Iljxuh 5= Frruglqdwh v|vwhp xvhg wr fdofxodwh wkh yhorflw|0srwhqwldo wudqvihu ixqfwlrq iurp d flufxodu dshuwxuh1

wkh wudqvgxfhu1 i + r , lv xqlw| zkhq vsdwldo xqliruplw| lv dvvxphg1 Wkh vxevfulsw r ghqrwhv wkh vrxufh sodqh1
Wkh vsdwldo zdyh qxpehu n lv ghqhg dv wkh whpsrudo iuhtxhqf| $ ryhu wkh vshhg ri vrxqg f1
Wkh glvwxuedqfh K+> }> $, lv nqrzq dv wkh yhorflw|0srwhqwldo wudqvihu ixqfwlrq1 Wkh uhodwlrqvkls ehwzhhq
wkh lpsxovh uhvsrqvh dqg lwv wudqvihu ixqfwlrq zloo ehfrph dssduhqw zkhq zh ghqh wkh fhoo yroxph lq vhfwlrq
81
Wkh flufxodu v|pphwu| ri wkh wudqvgxfhu/ dqg pruh lpsruwdqwo| wkh Iuhvqho dssur{lpdwlrq doorzv wkh
yhorflw|0srwhqwldo wudqvihu ixqfwlrq lq Ht1 43 wr eh hvwlpdwhg dv=


]
n
4 mn+}. 55} , d mnu 55r}
a
  g
h
Mr
K+> }> $, @ h
}
} r r r
3

+44,

s
a }> $,
zkhuh r @ {5r . |r5 lv wkh r0d{lv glvwdqfh dw wkh sodqh ri wkh vrxufh1 Wkh kdw qrwdwlrq lq K+>
uhsuhvhqwv dq hvwlpdwh ri wkh uhvxow lq Ht1 441 Lw lv frqyhqlhqw wr frqvlghu vhsdudwho| wkh uhdo dqg lpdjlqdu|
sduwv ri wkh lqwhjudo lq Ht1 441
] d
3

5r

hmnu 5} Mr




n
r r gr @ F+x> y,  lV+x> y,
}

+45,

zkhuh x dqg y duh glphqvlrqohvv yduldeohv wkdw vshfli| wkh srvlwlrq ri srlqw S =
x@

nd
nd5
dqg y @
}
}

d lv wkh udglxv ri wkh wudqvgxfhu dqg } lv wkh glvwdqfh iurp wkh idfh ri wkh wudqvgxfhu wr wkh d{ldo srlqw R1
Dffruglqj wr Eruq dqg Zroi4< / wkh uhdo dqg lpdjlqdu| sduwv ri wkhvh lqwhjudov fdq eh h{sdqghg lq whupv ri
Ehvvho ixqfwlrqv uhvxowlqj lq wkh iroorzlqj h{suhvvlrqv=

F+x> y, @
V+x> y, @

frv 45 x
vlq 45 x
+x>
y,
.
X
4
4x
4 x X5 +x> y,
5
5
vlq 45 x
frv 45 x
X
+x>
y,

4
4x
4 x X5 +x> y,
5
5

Ixuwkhu/ X4 +x> y, dqg X5 +x> y, fdq eh fdofxodwhg lq whupv ri wkh Orppho ixqfwlrqv
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+46,

Xq +x> y, @

Yq +x> y, @

4
[
x
+4,v + ,q.5v Mq.5v +y,
y
v@3

+47,

4
[
y
+4,v + ,q.5v Mq.5v +y,
x
v@3

+48,

Dq h{suhvvlrq iru d irfxvhg wudqvgxfhu fdq eh ghulyhg vlploduo| e| dvvxplqj wkdw irfxvvlqj lqwurgxfhv d wlph
ghod| lq wkh h{flwdwlrq4;


n5 nd5

m n} . 5} . 5

a }> $, @
^X4 +x> y, . mX5 +x> y,`
h
+49,
K+>
n}
zkhuh x @ nd5 @ dqg y @ nd@}/ dqg wkh wlph ghod| lv h{suhvvhg e| 4@ @ 4@}  4@D zkhuh D lv wkh jhrphwulfdo
irfdo glvwdqfh ru wkh udglxv ri fxuydwxuh ri wkh irfxvhg wudqvgxfhu1 Zh zloo frqvlghu d ghulydwlrq ri D dqg d
a U dv wkh Orppho gludfwlrq irupxodwlrq iru hdfk
a W dqg K
lq wkh iroorzlqj vhfwlrq1 Ixuwkhu/ zh zloo uhihu wr K
wudqvplw0uhfhlyh wudqvgxfhu1

71 WKH HIIHFWLYH UDGLXV DQG WKH JHRPHWULFDO IRFDO OHQJWK
Dv vhhq lq Ht1 49 wkh Orppho gludfwlrq irupxodwlrq dqg lq wxuq wkh hhfwlyh fhoo yroxph duh ghshqghqw rq
wzr sdudphwhuv fkdudfwhulvwlf wr wkh vshflf wudqvgxfhu xvhg lq wkh h{shulphqwdo sduw ri wklv zrun1 Wkhuhiruh/
dq hvvhqwldo uvw vwhs lv wr ghwhuplqh wkh wudqvgxfhu*v hhfwlyh udglxv/ d/ dqg lwv hhfwlyh irfdo ohqjwk/ ru
jhrphwulfdo irfdo ohqjwk/ D1 D qxpehu ri phwkrgv iru phdvxulqj hhfwlyh wudqvgxfhu sdudphwhuv kdyh ehhq
wulhg e| Pdgvhq; / Dplq53 / dqg Ohufk4 dprqj rwkhuv1 Zh irxqg wkdw Ohufk*v dssurdfk jdyh d vlpsoh |hw
urexvw vroxwlrq wr rxu sureohp1
Wkh surfhvv uhtxluhv ghwhuplqlqj wkh orfdwlrq ri wkh odvw rq0d{lv qxoo dqg wkh rq0d{lv pd{lpxp suhvvxuh
uhvsrqvh/ zklfk lv wkh orfdwlrq ri wkh wudqvgxfhu*v wuxh irfxv1 E| ghwhuplqlqj erwk orfdwlrqv zh slq grzq
wkh uhjlrq ri wkh wudqvgxfhu uhvsrqvh zkhuh wkh dpsolwxghv duh prvw vljqlfdqw1 Lq vkruw/ Ohufk hw do14 duulyhg
dw wkh iroorzlqj h{suhvvlrq iru ghwhuplqlqj wkh hhfwlyh udglxv/ d/ ri wkh wudqvgxfhu xvlqj wkh qxoo orfdwlrq


5}plq D
d@
D  }plq

4@5

+4:,

zkhuh }plq dqg D duh ghwhuplqhg h{shulphqwdoo|1
Lq wkh deryh h{suhvvlrq wkh hhfwlyh udglxv lv qrw rqo| ghshqghqw rq wkh qxoo orfdwlrq }plq / exw dovr rq wkh
jhrphwulfdo irfdo ohqjwk D1 Wr fdofxodwh D zh vhw wkh sduwldo ghulydwlyh zlwk uhvshfw wr wkh glvwdqfh } htxdo wr
}hur1 Diwhu ohqjwk| ghulydwlrq wkh iroorzlqj h{suhvvlrq lv uhdfkhg
{ frv { @

  {+}pd{ @}plq ,
vlq {
{

+4;,

ghwhuplqlqj wkh ydoxh ri urrw {/ doorzv xv wr rewdlq d ydoxh iru wkh hhfwlyh irfdo ohqjwk gluhfwo| e| xvlqj


  { . + 5  {5 }plq @}pd{ ,@+n}plq ,
D @ }pd{
  {}pd{ @}plq . +5  {5 ,@+n}plq ,


+4<,

E| h{shulphqwdoo| ghwhuplqlqj }plq dqg }pd{ dw wkh fhqwhu iuhtxhqf| ri wkh irfxvhg wudqvgxfhu/ wkh lqwhu0
phgldwh ydoxh { fdq eh vroyhg xvlqj Ht1 4;1 Edvhg rq wklv ydoxh/ wkh hhfwlyh irfdo ohqjwk ru wkh jhrphwulfdo
irfdo ohqjwk fdq eh ghwhuplqhg xvlqj Ht1 4<1 Wkh jhrphwulfdo irfdo ohqjwk lv wkhq xvhg wr fdofxodwh wkh hhfwlyh
udglxv xvlqj Ht1 4:1
Wdeoh 4 olvwv dq h{dpsoh ri wkh hhfwlyh sdudphwhuv ghulyhg xvlqj wkh surfhgxuh ghvfulehg deryh edvhg rq
wzr vhwv ri h{shulphqwdo ydoxhv iru }plq dqg }pd{ iru d 5=8PK} irfxvhg wudqvgxfhu1
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uxq & 4
uxq & 5

}plq +fp,
51597
51644

}pd{ +fp,
71:5;
71::7

H1 irfdo ohqjwk +fp,
4513:
441<3

H1 udglxv +fp,
318;9
318<7

Fhqwhu iuhtxhqf| +PK},
518
518

Wdeoh 4= Hhfwlyh sdudphwhuv ghulyhg h{shulphqwdoo| iru d 518PK} irfxvhg wudqvgxfhu

Ilj1 6 vkrzv wkh h{shulphqwdo rq0d{lv qrupdol}hg ydoxhv rewdlqhg iru wkh wudqvgxfhu lq Wdeoh 4/ dv zhoo
dv wkh fruuhvsrqglqj rq0d{lv qrupdol}hg Orppho gludfwlrq irupxodwlrq ydoxhv1 Dowkrxjk wkh h{shulphqwdo
uhvxowv lq Ilj1 6 whqg wr kdyh dq ryhudoo djuhhphqw zlwk wkh wkhruhwlfdo fdofxodwlrqv/ wkhuh lv dq reylrxv
glvfuhsdqf| ehwzhhq wkh wzr1 Wklv glvdjuhhphqw lv prvw surplqhqw dw wkh qxoo orfdwlrq zkhuh d eldv kdv
rffxuuhg lq wkh h{shulphqwdo gdwd vhwv1 Zh vshfxodwh wkdw wklv eldv lv gxh wr wkh k|gurskrqh*v qlwh vl}h
xvhg lq ghwhfwlqj wkh wudqvgxfhu*v sxovh1 Shukdsv/ dqrwkhu uhdvrq iru vxfk d eldv lv wkh plvdoljqphqw ri wkh
k|gurskrqh zlwk wkh wudqvgxfhu*v idfh1 Ixuwkhu dqdo|vlv ri wklv vsdwldoo| dyhudjlqj hhfw fdq eh uhihuuhg wr
Gdo|14; Suholplqdu| fdofxodwlrqv wkdw lqfoxghg wkh qlwh vl}h ri wkh k|gurskrqh dv d sdudphwhu zlwklq wkh
Orppho gludfwlrq irupxodwlrq vkrzhg wkdw wkh vsdwldo dyhudjlqj hhfwv gr qrw frqwulexwh wr dq| vkliwv lq
wkh qxoo ru pd{lpd orfdwlrqv1 Pruhryhu/ frpsdulvrq ri wkhruhwlfdo fdofxodwlrqv dqg r0d{lv h{shulphqwv h{klelw
vljqlfdqw djuhhphqw lq erwk wkh wuxh irfxv uhjlrq dqg jhrphwulfdo irfxv uhjlrq/ ohdglqj xv wr eholhyh wkdw wkh
hhfwv ri wkh qlwh vl}h ri wkh k|gurskrqh grhv qrw sod| d vljqlfdqw uroh lq wkh hhfwlyh fhoo yroxph fdofxodwlrqv1
Wklv revhuydwlrq lv uh hfwhg lq Ilj1 8/ zkhuh wkh hhfwlyh fhoo yroxph lq wkh wuxh irfxv uhjlrq iru wkh 5=8PK}
irfxvhg wudqvgxfhu zdv irxqg wr eh 4<8=::pp6 lq wkh h{shulphqwdo fdvh/ zkloh wkh wkhruhwlfdo fdofxodwlrqv
|lhoghg 4<5=68pp6 1 D pruh ghwdlo dqdo|vlv ri wkhvh revhuydwlrqv zloo eh suhvhqwhg lq d ixwxuh sdshu1

Iljxuh 61 Rq0d{lv yduldwlrq ri wkh yhorflw|0srwhqwldo iru d 518PK} irfxvhg wudqvgxfhu1
wkhruhwlfdo gdwd/ zkloh wkh v|perov uhsuhvhqw wzr h{shulphqwdo gdwd vhwv1

Vrolg olqh uhsuhvhqwv wkh

81 GHILQLQJ WKH FHOO YROXPH
Rqfh doo sdudphwhuv dqg dssursuldwh h{suhvvlrqv kdyh ehhq ghqhg zh fdq frqvlghu wkh ghulydwlrq ri
wkh hhfwlyh fhoo yroxph/ YH / lq Ht1 <1 Zlwk wkh suhylrxv vhfwlrqv lq plqg/ frqvlghu wzr lghqwlfdo irfxvhg
wudqvgxfhuv sodfhg dw <3 iurp hdfk rwkhu1 Wkh surgxfw ri wkh Orppho gludfwlrq irupxodwlrq iru wkh wudqvplw0
uhfhlyh jhrphwu| |lhogv wkh srlqw vsuhdg ixqfwlrq ri wkh vfdqqlqj v|vwhp1 Dq looxvwudwlrq ri wklv frqfhsw lv
suhvhqwhg lq Ilj1 41 Lq rughu wr fdofxodwh wkh srlqw vsuhdg ixqfwlrq lq hdfk fdvh lw lv qhfhvvdu| wr uhodwh wkh
prqrfkurpdwlf h{flwdwlrq sxovh wr wkh srlqw vfdwwhuhu wkurxjk d xqltxh frruglqdwh v|vwhp1 Wdnlqj wkh grw
$
$
surgxfw ri 
{ dqg xqlw yhfwru/ 
y W / uhvxowv lq  dqg } ydoxhv zlwklq wkh {/ |/ } frruglqdwh v|vwhp qhhghg wr
$
fdofxodwh wkh Orppho gludfwlrq irupxodwlrq dw hdfk srlqw lq wkdw v|vwhp1 Vlploduo|/ wkh grw surgxfw ri 
{

$
dqg xqlw yhfwru/ y U / uhvxowv lq  dqg } ydoxhv iru wkh uhfhlyh fdvh1 Wklv surfhvv lv vwudljkw iruzdug/ krzhyhu
lw fdq eh frpsxwdwlrqdoo| lqwhqvlyh dw wlphv gxh wr wkh 6G gdwd vhw lq hdfk fdvh1 Krzhyhu/ ehfdxvh wkhvh duh
lghqwlfdo wudqvgxfhuv rqo| rqh vhw ri fdofxodwlrqv lv qhfhvvdu| wr uhvxow lq wkh ghvluhg srlqw vsuhdg ixqfwlrq1 Lq
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wklv fdvh/ uljlg erg| urwdwlrq ri wkh wudqvplw gdwd vhw |lhogv wkh uhfhlyhu gdwd vhw zlwklq wkh vdph frruglqdwh
v|vwhp/ holplqdwlqj uhgxqgdqw frpsxwdwlrqv1
a W dqg K
a U / fdq eh jlyhq d sk|vlfdo phdqlqj1 Frq0
Wkh wkhruhwlfdo surgxfw ri wkh wzr wudqvihu ixqfwlrqv/ K
vlghu d fwlwlrxv vfdwwhulqj srlqw/ S/ orfdwhg lq wkh ylflqlw| ri wkh furvvehdp jhrphwu| ri wkh wudqvplw0uhfhlyh
wudqvgxfhuv1 Li wkh wudqvplwwhu zhuh wr eh gulyhq e| d xqlw dpsolwxgh vlqxvrlgdo vljqdo zlwk iuhtxhqf| $r / wkh
a U +{r > |r > }r > $ r ,/ zkhuh +{r > |r > }r ,
a W +{r > |r > }r > $ r ,K
uhfhlyhg vljqdo dpsolwxgh zloo uhvxow lq wkh pdjqlwxgh ri K
duh wkh frruglqdwhv ri srlqw S1 Rq wkh rwkhu kdqg/ vfdqqlqj srlqw S/ e| prylqj wkh wudqvplw0uhfhlyh dvvhpeo|
wr ydulrxv srlqwv +{> |> }, lq 6G vsdfh zloo uhvxow lq d vljqdo dpsolwxgh S +{> |> }> $ r ,1 Wkhuhiruh/ S +{> |> }> $ r ,
ehfrphv wkh Srlqw Vsuhdg Ixqfwlrq +SVI, ri wkh vfdqqlqj v|vwhp/ dw iuhtxhqf| $r 1



a
 a

S +{> |> }> $ r , @ K
W +{> |> }> $ r , K
U +{> |> }> $ r ,

+53,

Ht1 53 lv gluhfwo| uhodwhg wr wkh hhfwlyh fhoo yroxph/ YH / lq wkh qrupdol}hg lqwhqvlw| prphqwv h{suhvvlrq
a W +{> |> }> $ r , dw vhyhudo frqvhfxwlyh
ghqhg hduolhu lq Ht1 ;1 Wr fdofxodwh wkh hhfwlyh fhoo yroxph/ zh frpsxwh K
{/ |/ dqg } ydoxhv lq d ghvluhg uhjlrq/ e| xvlqj wkh deryh surfhgxuh1 Wkh uhvxow ri wklv frpsxwdwlrq lv d fxeh
ri yhorflw| srwhqwldo ydoxhv dw hdfk frqvhfxwlyh  dqg } zlwklq wkh frruglqdwh v|vwhp1 Ehfdxvh wzr lghqwlfdo
a W +{> |> }> $ r , fxeh wkurxjk d <3
a U +{> |> }> $ r , fdq eh ghulyhg iurp wkh K
wudqvgxfhuv duh xvhg lq wklv h{dpsoh/ K
urwdwlrq derxw wkh { d{lv1 Wr qxphulfdoo| lqwhjudwh YH zh zloo zulwh Ht1 < lq glvfuhwh irup1
5

YH @

+{|},

{|}

kS S S
l

m

S S S
l

m

5

mKW +l> m> n,m mKU +l> m> n,m
n

n

l
5 5
+54,

mKW +l> m> n,m7 mKU +l> m> n,m7

Glphqvlrqdoo|/ wklv h{suhvvlrq/ grhv lqghhg ghvfuleh d yroxph=
5

YH @

+{|},

{|}

kS S S
l

m

S S S
l

m

mKW +l> m> n,m5 mKU +l> m> n,m5
n

n

mKW +l> m> n,m7 mKU +l> m> n,m7

l5

+p6 ,5
@
p6

%
5 &
p5 p5
@ p6
p7 p7

Dv d uhvxow/ wkh hhfwlyh fhoo yroxph/ YH / fdq eh ghulyhg iurp wkh dfwxdo ydoxhv ri wkh yhorflw|0srwhqwldo
wudqvihu ixqfwlrq dw hdfk srlqw lq wkh 6G vsdfh1 Qrwlfh wkdw wkh wudqvgxfhuv* iuhtxhqf| uhvsrqvh WW +$, dqg
WU +$, dv zhoo dv wkh iuhtxhqf| ghshqghqw vfdwwhulqj frh!flhqw +$, kdyh gursshg rxw gxulqj wkh qrupdol}dwlrq
surfhvv ri wkh hhfwlyh fhoo yroxph h{suhvvlrq/ ohdylqj rqo| wkh v|vwhp ghshqghqw sdudphwhuv/ KW +l> m> n, dqg
KU +l> m> n,1
Ilj1 7 looxvwudwhv wkh 6G SVI lq wkh wuxh irfxv uhjlrq dv zhoo dv lq wkh jhrphwulfdo irfxv uhjlrq1 Qrwh
wkdw lq wkh wuxh irfxv uhjlrq wkh SVI uhvhpeohv d fxeh zlwk urxqghg fruqhuv/ d svhxgr0fxeh/ zkloh lq wkh
jhrphwulfdo irfxv uhjlrq wkh SVI kdv dgglwlrqdo lqirupdwlrq dw wzr hqgv ri wkh svhxgr0fxeh1 Wklv dgglwlrqdo
lqirupdwlrq lv gxh wr wkh frqwulexwlrq ri wkh vlgh orehv ri erwk yhorflw|0srwhqwldo ixqfwlrqv1 Lq wkh wuxh irfxv
uhjlrq wkh ixqfwlrqv iru wkh wudqvplw0uhfhlyh wudqvgxfhuv duh pxfk wljkwhu/ wkhuhiruh/ wkh ryhuodsslqj uhjlrq
lq wkh furvv ehdp jhrphwu| lv phuho| d uhvxow ri wkh pdlq oreh1 Vxfk glhuhqfhv zloo dhfw wkh hhfwlyh fhoo
yroxph1 Lq wkh wuxh irfxv uhjlrq wkh hhfwlyh fhoo yroxph dw 5=8PK} zdv irxqg wr eh 4<5=98pp6 / zkloh lq wkh
jhrphwulfdo irfxv uhjlrq htxdov wr 4453=;3pp6 / d vljqlfdqw lqfuhdvh gxh wr wkh pxfk zlghu yhorflw| srwhqwldo
pdlq oreh dqg frqwulexwlrq ri wkh vlgh orehv1

91 YDULDWLRQ RI FHOO YROXPH ZLWK IUHTXHQF\
Ht1 ; vkrzv wkdw wkh qrupdol}hg lqwhqvlw| prphqwv duh ghshqghqw rq wkh hhfwlyh vfdwwhuhu qxpehu ghqvlw|
km +$,m7 l
+
5 , dv zhoo dv rq wkh v|vwhp ghshqghqw yduldeoh/ wkh hhfwlyh fhoo yroxph/ YH 1 Frpsxwlqj wkh
kP l@YW km +$,m5 l
hhfwlyh fhoo yroxph dw iuhtxhqflhv zlwklq wkh wudqvgxfhu*v edqgzlgwk zloo vkhg vrph oljkw rq wkh qdwxuh ri
wkh vwdwlvwlfdo glvwulexwlrq ri wkh vfdwwhuhuv zlwklq wkh fhoo yroxph1 Pruhryhu/ e| fdofxodwlqj wkh hhfwlyh fhoo

Proc. SPIE Vol. 4687

341

Iljxuh 71 6G SVI lq wkh wuxh irfxv uhjlrq +ohiw, dqg lq wkh jhrphwulfdo irfxv uhjlrq +uljkw, iru d 2DPK} irfxvhg
wudqvgxfhu1

Iljxuh 81 Hhfwlyh fhoo yroxph yv1 iuhtxhqf| iru wkh 518PK} irfxvhg wudqvgxfhu1 Gldprqg v|perov uhsuhvhqw ydoxhv lq
wkh wuxh irfxv uhjlrq zkloh wkh wuldqjoh v|perov uhsuhvhqw ydoxhv lq wkh jhrphwulfdo irfxv uhjlrq1 Wkh dvwhulvn v|pero
dw 518PK} uhsuhvhqwv wkh h{shulphqwdo uhvxow1

yroxph/ YH / rqh fdq lqyhvwljdwh wkh lqwhuvfdwwhu vsdflqj lq wkh wlph grpdlq xvlqj d phwkrg suhylrxvo| ghulyhg
e| Khojxhud; 1
Dsso|lqj wkh phwkrg ghvfulehg lq wkh suhylrxv vhfwlrqv zh kdyh fdofxodwhg wkh hhfwlyh fhoo yroxph/ YH / dw
3=5PK} lqwhuydov zlwklq wkh h{shulphqwdoo| ghwhuplqhg wudqvgxfhu*v edqgzlgwk iurp 4=:PK} wr 6=6PK}1 Wkh
uhvxowv duh looxvwudwhg lq Ilj1 8/ zkhuh wkh gldprqg v|perov uhsuhvhqw wkh hhfwlyh fhoo yroxph lq wkh wuxh
irfxv orfdwlrq dqg wkh wuldqjoh v|perov uhsuhvhqw wkh hhfwlyh fhoo yroxph lq wkh jhrphwulfdo irfxv orfdwlrq1
Lw lv fohdu irup Ilj1 8 wkdw lq wkh wuxh irfxv orfdwlrq/ zkhuh wkh lqwhqvlw| ri wkh ehdp lv prvw vljqlfdqw/ wkh
uhodwlrqvkls ehwzhhq iuhtxhqf| dqg wkh hhfwlyh fhoo yroxph lv idluo| frqvwdqw1 Krzhyhu/ lq wkh jhrphwulfdo irfxv
uhjlrq wkh hhfwlyh fhoo yroxph ghfuhdvhv vljqlfdqwo| dv zh vzhhs wkurxjk iuhtxhqflhv xqghu wkh wudqvgxfhu*v
edqgzlgwk1
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:1 FRQFOXVLRQ
Wkh vhfrqg qrupdol}hg lqwhqvlw| prphqw fdq eh xvhg wr frqyh| wkh vwdwlvwlfdo qdwxuh ri vfdwwhulqj vwuxfwxuhv1
Zh kdyh vkrzq lq Ht1 ; wkdw wkh vhfrqg qrupdol}hg lqwhqvlw| prphqw ghshqgv rq wkh vfdwwhulqj qdwxuh
ri wkh lqwhuurjdwhg vwuxfwxuh dv zhoo dv rq wkh hhfwlyh fhoo yroxph wkdw frqwdlqv wkh frqwulexwlqj vfdwwhuhv1
Lq rughu wr fkdudfwhul}h wkh phglxp/ lw lv qhfhvvdu| wr xqghuvwdqg dqg lvrodwh wkh frqwulexwlrq ri wkh v|vwhp
ghshqghqw yduldeoh zklfk zh kdyh ghqhg khuh dv wkh hhfwlyh fhoo yroxph1
Lq wklv sdshu zh kdyh frqvlghuhg d furvvehdp jhrphwu| zlwk vhsdudwh wudqvplw dqg uhfhlyh wudqvgxfhuv wr
frpsxwh wkh hhfwlyh fhoo yroxph YH lq wkh qrupdol}hg lqwhqvlw| prphqwv h{suhvvlrq1 Zh kdyh ghyhorshg d
uhodwlrqvkls ehwzhhq wkh qrupdol}hg lqwhqvlw| prphqwv dqg wkh hhfwlyh vfdwwhuhu qxpehu ghqvlw| xvlqj prqr0
fkurpdwlf h{flwdwlrqv1 Gxh wr wkh prqrfkurpdwlf qdwxuh ri wkh vljqdo zh kdyh xvhg wkh Orppho gludfwlrq
irupxodwlrq wr hvwlpdwh wkh iuhtxhqf| ghshqghqw hhfwlyh fhoo yroxph1 Ehfdxvh wkh Orppho gludfwlrq irupx0
odwlrq dprxqwv wr d Iuhvqho dssur{lpdwlrq wr wkh gludfwlrq lqwhjudo rxu dssurdfk lv ydolg lq wkh qhdu dqg idu
hog ri wkh irfxvhg flufxodu glvn wudqvgxfhuv1
Wkh furvvehdp jhrphwu| xvhg wkurxjkrxw wklv sdshu uhtxluhg wkh wudqvplwwhu wudqvgxfhu wr eh dw <3 iurp
wkh uhfhlyhu wudqvgxfhu1 Gxh wr wkh lghqwlfdo wudqvgxfhu sdlu dqg wkh uljlg erg| urwdwlrq ri wkh wudqvplwwhu
gdwd vhw/ wkh frpsxwlqj wlph zdv uhgxfhg e| kdoi1 Krzhyhu/ lw lv lpsruwdqw wr hpskdvl}h wkdw wkh furvvehdp
jhrphwu| lv qrw olplwhg wr wkh <3 vhw xs/ dqg dv d uhvxow wkh hhfwlyh fhoo yroxph YH / fdq eh frpsxwhg iru
dq| iuhtxhqf|/ dqjoh/ dqg ghswk ghvluhg lq wkh h{shulphqwdo zruog1 Wkh h{shulphqwdo ydolgdwlrq ri dowhuqdwlyh
furvvehdp jhrphwulhv lv wkh vxemhfw ri dqrwkhu sxeolfdwlrq1

;1 DFNQRZOHGJHPHQWV
Wkh dxwkruv zrxog olnh wr wkdqn Gu1 G1 Gdohfnl dw wkh Xqlyhuvlw| ri Urfkhvwhu ghsduwphqw ri Elrphglfdo
Hqjlqhhulqj iru wkh xvh ri wkh Lprwhf Phvvwhfkqln SYGI Qhhgohk|gurskrqh1

UHIHUHQFHV
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